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^ . Abstract 

JC . It is shown that two different supersymmetric extensions of the Harry Dym 

f^ \ equation lead to two different negative hierarchies of the supersymmetric in- 

tegrable equations. While the first one yields the known even supersymmetric 
Hunter - Saxton equation, the second one is a new odd supersymmetric Hunter 
- Saxton equation. It is further proved that these two supersymmetric exten- 
^^ \ sions of the Hunter - Saxton equation are reciprocally transformed to two 

different supersymmetric extensions of the Liouville equation. 



%j '■ 1 Introduction 

The list of unusual behavior of the supersymmetric integrable systems is rather 
long. It appears that during the supersymmetrization of the classical systems, some 
typical supersymmetric effects, compared with the classical theory, occur. The non- 
uniqueness of the roots of the supersymmetric Lax operator jT3], the lack of the 
bosonic reduction to the classical equations [9] and the occurrence of the non-local 
conservation laws [8, ^ have been discovered in the last century. Recently it ap- 
peared that both even and odd Hamiltonian operators could be used to the super- 
symmetrization of the classical integrable systems j2l [TTl [121 IIS]- These effects rely 
strongly on the descriptions of the generalized classical systems which we would like 
to supersymmetrize. 

In this paper we prolong this list, namely we show that the Hunter - Saxton 
(HS) equation, similarly as the Harry Dym (HD) equation, could be supersym- 
metrized in two different manners. It is known that the classical HD equation is 



supersymmetrized in two ways, either by even or by odd supersymmetric Hamilto- 
nian operators [21 [11]. It should be remarked that in addition to these two cases, a 
super HD equation was deduced from the fermionic extension of energy-dependent 
Schrodinger operator [1]. 

The even supersymmetric HD equation is a niulti - Hamiltonian system and 
its negative hierarchy contains the even supersymmetric generahzation of the HS 
equation. The second Hamihonian structure for this extension is generated by the 
supersymmetric centerless Virasoro algebra. In the second approach, where we use 
the odd Hamiltonian operators, an odd supersymmetric HD equation is obtained 
from the Lax representation. However this equation admits bi - Hamiltonian formu- 
lation only and does not possess the 'first' Hamiltonian operator. 

As we shall show that, from the knowledge of the second and third odd supersym- 
metric Hamiltonian structures of the odd supersymmetric HD equation, it is possible 
to construct new negative hierarchy of equations. The flows of this hierarchy contain 
a new supersymmetric extension of the HS equation. 

It is well known that the classical HS equation under reciprocal transformation 
reduces to the Liouville equation [5j . We show that it is possible to apply the super- 
symmetric analogue of reciprocal transformation described in [llj to two different 
supersymmetric extensions of the HS equation, and as a result two supersymmetric 
extensions of the Liouville equation are obtained. 

The paper is organized as follows. In the first section we recapitulate the known 
facts on the bi - Hamiltonian formulation of the classical HS equation and explain its 
connections with the negative hierarchy of the HD equation. In the next section the 
even hierarchy of the supersymmetric HD equation as well as its negative hierarchy, 
which contains the even supersymmetric extension of the HS equation, are presented. 
Also this section describes the reciprocal link between the even supersymmetric HS 
equation and a new supersymmetric Liouville equation. The third section contains 
our main result where the negative hierarchy of the odd supersymmetric HD equation 
is introduced. This hierarchy takes an odd supersymmetric HS equation as one of 
its flows. Similar to the previous section we describe a reciprocal link between this 
odd supersymmetric HS equation and a new supersymmetric Liouville equation. 
In the appendix a simple proof is presented for the fact that the third Hamiltonian 
operators of the even as well odd supersymmetric HD equations do satisfy the Jacobi 
identity. 

2 Hunter - Saxton equation 

The Hunter - Saxton equation [7] 

could be constructed in two different approaches. In the first approach this equation 
is considered as the special limit of the Camassa - Holm equation [5j while in the 
second one it is regarded as a member of the negative hierarchy of the Harry Dyni 
equation. 

Let us briefly recapitulate these scenarios. 



Both the HS equation and the Camassa - Holm equation could be embedded into 
the general model 

Xut - u^^t = 2 ( ~ ^-^^^ + '^uu^x + ulj , (2) 

where A is an arbitrary parameter. For A = 1 the equation ([2]) is just the Camassa 

- Holm equation [3, 4] while for A = it becomes the HS equation ([T]). 

The general equation (|2]) is a bi-Hamiltonian system 

5H, 5H, 

mt = Ki- — = K2- — , 
dm dm 

where m = \u — u^^ and 

Hi = - dx UTJi, H2 = —- / da; (Am^ + uu^), 

Ki = -{d^m + mdx), K2 = {X - dl)d^. 

To put the HS equation into the negative HD hierarchy, we first consider the bi 

- Hamiltonian structure of the HD equation 

5H_i 5H^2 I -u (n\ 

Wt = Pl— = P2—, = [W 2)a;xx (3) 

ow ow 

where 

Pi = (9^, P2 = dxW + wdx = 2w'^dxW^, 

H_i = 2 dx w^, H_2 = - dx w'^wl- (4) 

As we see in both approaches we deal with the same bi - Hamiltonian struc- 
ture. In fact the HD equation possesses the niulti - Hamiltonian structure which 
is constructed out of the recursion operator R = P2Pi^ and P2 and reads as 
Pn+2 = R^Pii n = 1,2,.... For example the third Hamiltonian structure is 

Wt = Ps^ — 
ow 

where 



f/.3 = -i/d.(16™L™-i-35u.*u.-f). 



Using the Hamiltonian operators Pi and P2, it is possible to construct the neg- 
ative as well as positive hierarchies of flows. For the negative hierarchy, the first 
three flows are 

6H0 p5H^i 5H^2 . 

Wt, = Pl^ = P2—^ = ^3^ = 0, 

OW ow ow 

Wt, = Pi^ = P,^ = P3^ = -^.(5-M-2M9-M, (6) 
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where 

Ho = Jdxw ,H, = \j dx{d-'wf, H, = \j dx{d-'w){d~'wf. (7) 

The equation (jS]) is the HS equation ([T]) after identifying t^ = t,w = u^x- Notice 
that Wt2 is not a tri-Hamihonian because 

Ps^uJx = -w~^ d~^w~^ dlw~^ d~^w~^ Wx = 0. 

The HS equation ([1]) is connected with the Liouville equation by a reciprocal 
transformation. Indeed let us rewrite this equation in the conservative form as 

vt = {yd~''^v'^)x 

where f ^ = u. This form implies the reciprocal transformation as 

dy = vdx + {vd~'^v'^)dt, dr = dt 

and therefore 

dx = vdy, dt = dr + {vd~'^v'^)dy. 

It is straightforward to show that the resulted equation reads as 

(logf)yr = v, 
which is the celebrated the Liouville equation. 

3 Even Supersymmetric Hunter - Saxton equation 

The even supersymmetric HD equation has been constructed by the supersym- 
metrization of two Hamiltonian operators Pi and P2 in [2]. The supersymmetric 
partner of the second Hamiltonian operator P2 corresponds in fact to the supersym- 
metric centerless Virasoro algebra. The supersymmetric Hamiltonian structures are 
given by 



Ki = Vd: 



XJ 



K2 = ^[Wdx + 2dxW + iVW)V], 

where V = de + Odx and VT = x(x, t) + 9u{x^ t) is a fermionic super field. 
In these variables the even supersymmetric HD equation is 

Wt = Ki— — = K. 



1# 

4^ 



5w 5W 

4Wx{VW)-^^ +3W{VWx){VWy 



where 



XxXU 2 



H_i = I dxdd W(VW)-^ = - I dxhu-^ 

H.2 = ^ f dxde (WxivWx)ivwy-^ - i5WWxWxx{vw)-'^^ 

^ 16 1^ V ^'"^^ ^ 16xxxXxM"^ - l5xxxXUxU~^ + l5xxXUxxU~^) ■ 



In components the equation ([S]) reads 

Xt = --(^{xu'^)x + XxU'^ 

1 / _i 
ut = -\2u 2 + 3xxXU 

In fact this supersymmetric generalization constitutes the tri-Haniiltonian system 
also, i.e. 

where 

-875{VW,,,){VW^){VW)'I + 7{VW,,f{VW)-l + 3A8{VW^,){VW)-i 

The proof that K-^ satisfies the Jacobi identity is postponed to the appendix. 

The negative hierarchy of the supersymmetric HD equation [2] is defined as in 
the classical case. It reads as 

zr^^o z^^^-i z^^^-2 n 

^ ^SH, ^6H, ^6Ho 

= -^W{V-'W)-W^{V~^W)-^{VW){d;'W), (11) 

where 

Ho= f dxd^ W, Hi = -- f dxd^ {V-^W)W, 

H2 = - f dxdO {V~^W){d-^W){V^^W). 

We remark here that the equation fill I) is the even supersymmetric extension of 
the HS equation which has been considered first time in [2] and later rediscovered 
in [TO]. 

This supersymmetric equation could be be rewritten in the new bosonic super 
field U = -{VW)/2 as 

U,, = 2U.{d-^U) + AU{d~'U) - {VU){V-'U), (12) 

which has a conservation law 

(ui^ =v(u-^{V-^U)+2{Vm){d^^U)y (13) 

In that way we prove that 

H = dxd6' U^ = - dx C.q~^ 



is a fermionic conserved quantity with the non classical analog, where U = q + 9^. 
To construct a reciprocal transformation for the equation ( !T2|) . we turn to the 
Proposition 1 established in [llj. Thus, in addition to the conservation law (IT3|) a 
potential is required. In this case, we have 

V (2U^ (d-^U)) = 2f/3 fu-^ (V-^U) + 2{VU-^){dfU)\ . 

Hence, a reciprocal transformation is formulated as 



P=f/4© 

d d 



|- = ^ + 2uHd-'U)^ + (UHV-'U) + 2{VU-^){d;'U) 



(14) 
(15) 



Applying the transformation (fT^ - (IT5|) we obtain a new supersymmetric gener- 
alization of the Liouville equation 



i\ogU)yr = 4f/5 - f/-4(D?7)(D-if/4 



(16) 



To see the connection with Liouville equation, we rewrite above equation in terms 
of components. It yields 



(logg)yr 

Vr 



3^2 - -QccQ H-^x VQ^ 



(17) 
(18) 



where i] = q ^. When r/ = 0, this system reduces to the Liouville equation. 



4 Odd Supersymmetric Hunter - Saxton Equation 

The other supersymmetric HD equation was worked out from a Lax operator and 
the associated Lax representation [2|. Indeed, the supersymmetric Lax operator 



leads to the following generalization of the Harry Dyni equation 



(19) 



-^>3'-^ 



or 



Wt 
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^-{VW,)''W^{VW)-^ ^ 



V-^{{VW:,f{VW)-'^) 



where ly is a fermionic super field. For our next purposes let us rewrite this equation 
by means oiV = {'DW)^ as 



Vt = -- 



dliV-') ~3Vd4{VV)V,V-^) 



(20) 



In the components the last equation becomes 

Xt = ldl(2d{u-^x)-^u^u-\), 

where V = u{x, t) + 6x{x, t). 

The classical HD equation (|3]) could be obtained in the bosonic sector where 
X = and u = w^. Thus both even and odd supersymmetric extensions contain the 
classical HD equation but their fermionic extensions are different. 

The bi-Hamiltonian structure for fl20|) was constructed very recently in |11| . it 
reads 

where 

H.2 = - ljdxd9 {VV)V,V'^ ^~\j ^"^ ^'''''"' + X.XU-'). (22) 

= dx (4:ul^u-^ - 15ulu-^ + AxxxXxU'^ - XxX(45m^m"^ - 20u^^m"^)), 

(23) 
A =^', (24) 

P3 =v^vv-^vvv-^vvv-^vv^ 

^ \vV)d-\iVV)V - Vd, - d,V) + 2d^Vd-\2Vd,V - 2{VV^) + 3d,{VV)) 
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(25) 

The above Hamiltonian operators in the components are given by 

/ n a-3 a , a-2 -xdx^{dx^udx + u)+ \ 

1 " ^ - A X A 2a,ua-2(-29-iXx + 3x) 

J 3 — — 

4 — (ri + dxud~^)d~^x+ '^^ + ud'^ud^ + d^ud'^u + d^ud^'^udx 

\ 2i2xxd-' + 3x)d-'ud, +^^ + 2d,xd-')d-\2d-'xdx + x) J 

(27) 
In passing, we notice that the Poisson brackets induced by P2 and P3 operators 

are given by 

{V{x, 9), V{y, 9')} = P, 6{x ~y){9-9'), i = 2, 3. (28) 

As V^ is a bosonic super field and Pi is an super fermionic operator hence we are 
dealing with the so called odd Poisson brackets. 

The Jacobi identity for the operator P3 is proved in [11] and in the appendix we 
present a quite different verification of this property. 



In contrast to the classical case we do not know the first Hamiltonian operator for 
the odd supersyninietric HD equation (l20l) . However we can construct the negative 
hierarchy using our bi - Hamiltonian structure only. 

To this end, let us first find the supersyninietric analog of the classical Casimir 
functions for the equation (120]) . In the classical case H_i = j dx u and Hq = j dx v? 
defined by (jl]), ([7]) are the Casimir functions for the Hamiltonians operators P2 and 
Pi respectively while Hq is a Casimir function for P3. 

In the supersymmetric case we find out that 

if_i = I dxd^ V-\V-^V^) = f dx {u- 2xu-^d-^xu) (29) 

is conserved quantity for the equation (1201) and is a Casimir function for P2. On the 
other side, H_2 defined by (1221) is the Casimir function for P3. 

Interestingly we have an additional new Casimir function for the operator P2 

Go = / dxde V = dxx (30) 

whose parity is different from that of H_i (or H^2)- If we use Gq to the construction 
of the negative hierarchy it appears that this hierarchy will be of a different parity 
than the odd supersymmetric HD equation (|20|) and from the physical point of view 
it may not be relevant. Indeed if we consider the following equation 

K = A^ = \ [2d^Vd;'VV - {VV)d-'V] , (31) 

which in the components reads 

X, = -[u^ + xd^\ + dxud^\ + 2d^xd;^^x], 

then we have to assume that <j is a fermionic time. 

From H_i and H-2 we obtain the first member of the negative hierarchy of the 
odd supersymmetric HD equation as 

.,..P,^.P3^.0. (32, 

In the classical case the second member of the negative hierarchy of HD equation 
is not tri - Hamiltonian but bi - Hamiltonian system generated by the operators 
Pi, P2 and Hamiltonians Hi and Hq only. In order to construct the second member 
of the negative hierarchy in the supersymmetric case let us build the superfermionic 
partner of the classical Hq = j dx w = J dx u^ as in the equation ([7]). The result is 



Hq= I dxdOV{V-^V)= f dx {u^ + xid'\)). 



(33) 



It is a conserved quantity for the odd supersymmetric HD equation (120]) but not 
a Casimir function P2 or P3. This Hamihonian generates the following translation 
flow 

Vt, = Ay = V. (34) 

which gives us in the bosonic limit the second negative flow of the classical HD 
hierarchy fITU]) . 

Now the conserved quantity Hq generates the supersymmetric analog of the HS 
equation which is a bi - Hamiltonian system also 

= d,{vV-''[ViV-W)]) - ^{VV)d-'[ViV''V)], (35) 

where 

Hi = I dxdO [2{V-^V)VV-^ - {VV){V~^V)d~^]VV-W 

= jdx [2u^d'^ + 2x{d-\)d-' - x{d-\)d-'] {u^ + xd-'x)- 
2{d-'x)ud-\d-'x+ {d-'xyd-'x- 
In components we have 

Xt3 =Xxd;,^iu^ + xd^\) + -^Xdl^^u^ + Xd;\) + ^u^d'^ud'^ + u^d'^x- 

If we take x = ^iiid w = v?, then Wt^ is nothing but the HS equation. 

Now we turn to the construction of possible reciprocal transformation for the 
supersymmetric HS equation (l35l) . It is observed that the equation ( l35l) has the 
following conservation law 



(^H)^ = -—{v"^V-''[V{V-W)]) + -V{V-"^VV)V-^[V{V-W)]). (36) 



Furthemore, a potential can be introduced for the product of the conserved density 
and flux in the above conservation law 

v{vv~^[v{v-W)]\ = v^v(v'^v-'^[v(v-^v)]) + -ivv)v-^[v{v-W)]. 

Hence, we have a reciprocal transformation given by 

V =V^B, (37) 

+ -(v-^VV)V-^[V{V-W)] + V^d^^[V{V-^V)])B, (38) 



which could be apphed to the supersymmetric HS equation (1351) . A direct calculation 
gives us 

Vr = VI])''^[V^'D'^V^)]. (39) 

By introducing V = (D$)^, the last equation is rewritten in a neat form 

d 

2— Dlog(D<l>) = (D$)$ (40) 

which is a new supersymmetric generalization of the Liouville equation. To see it, 
we just rewrite this equation in components ^ = ^ + gu as 

2{hgu)y-r = u^ + iyi, 
when ^ = this system goes back to the Liouville equation. 
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Appendix 

In order to prove that the operator K^ = K2Ki^K2 satisfies the Jacobi identity we 
use the idea of the decompression of the Hamiltonian operators described in [14]. 
To this end let us embed the K^^ operator into the two dimensional matrix as 

/ 2v; + wd + {vv)v k2 

V i^2 Ki + 214 + ^Vd + {VV)V 

where \^ is a new superfermionic function. 

This new J operator does not contain the nonlocal terms hence it is easy to 
prove that the Jacobi identity holds for it indeed. Now using the Dirac reduction 
procedure one can easily recognize that in the case \^ = the operator J reduces to 
i^3, hence the last operator satisfies the Jacobi identity also. 

For the odd operator P3, we reformulate it as 






P3 = V^VV~-2VVV-'>VVV-^VV-^ = -QV-^'Q 
where 

Q = v^vv-^vv. 

Similarly to the previous case let us embed P3 operator to the graded two di- 
mensional matrix 

-ig 

J ■ 

ig* p5 _ 2W,^ - 3Wd - {VW)V 



2 
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where VT is a new superfermionic function. 

This matrix generates the following Poisson brackets for the fields Ui 

{U,{x,9),U,{y,9')} = J{i,j)6{x - y){e - 9'), 1,3 = 1,2 

with identifications Ui = V", f/2 = W . Remember that the test functions are graded 
vectors it is easy to verify that J does satisfy the Jacobi identity. Applying the 
Dirac reduction procedure with W^ = 0, we find that the reduced operator is just 
IP3, which satisfies the Jacobi identity too. 
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